SQUARE ROOTS OF HAMILTONIAN DIFFEOMORPHISMS 

PETER ALBERS AND URS FRAUENFELDER 

C^ ' Abstract. In this article we prove that on any closed syniplectic manifold there exists an 

, arbitrarily C°°-small Hamiltonian diffeomorphism not admitting a square root. 
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1. Introduction 



lO ' Let (M, w) be a closed syniplectic manifold, i.e. uj G ri^(M) is a non-degenerate, closed 

2-form. To a function L : S^ x M ^ M we associate the Hamiltonian vector field X^ by 
setting 

O' co{XL„-) = -dLt{-) (1) 

where Lt{x) := L{t, x). The flow (/)|^ : M — )■ M of the vector field X^^ is called a Hamiltonian 

'^ . flow. For simplicity we abbreviate 

g : <t>L = (t>l- (2) 

The Hamiltonian diffeomorphisms form the Lie group Ham(M, w) with Lie algebra being the 
smooth functions modulo constants. We refer the reader to the book |MS98j for the basics in 
symplectic geometry. 

In this article we prove the following Theorem. 



Theorem 1. In any C°° -neighborhood of the identity in Ham(M, c^j) there exists a Hamil- 



■r^ \ tonian diffeomorphism (f) which has no square root, i.e. for all Hamiltonian diffeomorphism tp 



(not necessarily close to the identity) 
O ■ V V </> (3) 

holds. 



An immediate corollary of Theorem [T] is the following. 

K> ■ Corollary 2. The exponential map 

.C^.' Exp:C°°(M,M)/M^Ham(M,a;) 

[L] ^ (t^L ^^^ 

is not a local diffeomorphism. 

In the proof of the Theorem we use the following beautiful observation by Milnor jMil84[ 
Warning 1.6]. Milnor observed that an obstruction to the existence of a square root is an odd 
number of 2A:-cycles, see next section for details. The main work in this article is to construct 
an example in the symplectic category. 
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2. MiLNOR'S OBSERVATION 

We define 

CM^ := M^/{Z/k) (5) 

where Z/Zc acts by cyclic sliifts on M . We write elements of CM as 

[xu...,Xk]^CM'' . (6) 

The space of /c-cycles of a diffeomorphism : M ^- M is 

'^'^(0) := {[rci, . . . ,Xfc] G CM'^ | ctP {xi) / x^ Vj = 1, . . . , A: - 1, ,/.(x,) = x^+i} . (7) 

We point out that if [xi, . . . , x^] € 'io^{(t)) then (j)^{xi) = Xj for i = 1, . . . , A;. 

Proposition 3 (Milnor |Mil84j ). 7/0 = -0^ ^^en 'tf'^''{cj)) admits a free Z/2-action. In partic- 
ular, ^'rf^^{(p) is even if'ig'^^{<j)) is a finite set. 

For the convenience of the reader we include a proof of Milnor's ingenious observation. 

Proof. We define 

[Xl, . . . , X2fc] ^ [^{Xl), ..., 1p{x2k)] ■ 

Since ip o cp = cp o ip and ip'^ = p the map / is well-defined and an involution. We assume by 
contradiction that [xi, . . . , X2k] is a fixed point of I, i.e. there exists < r <2k — 1 

tp{Xi) = Xi+r (9) 

where we read indices Z/2A;-cyclically. Using Xj+r = p'''{xi) we get 

i;{xi)=(P'{xi)=i,^'{xi) (10) 

and thus 

^P^'-\xi) = X, . (11) 

In particular, 

Xi = ^^''-\xi) = i;^'-\i,^^-\xi)) = V'^-2(x,) = </.2^-i(x,) . (12) 

In summary we have 

Xi = (j)^''~^{Xi) 

Xi = </.^'*-(xi) . 

In general, if 

z = p^ix) 

(14) 
z = p\x) ^ ' 

for a, 6 G Z then 

^^^lcd{a,fe)(^) (15) 

since by the Euclidean algorithm there exists ni,n2 € Z with 

lcd{a,b) = nia + n2b . (16) 

In our specific situation 2r — 1 is odd and 2k is even and thus 

1 <lcd(2r-l,2/c) <2A; (17) 

contradicting the assumption (^^{xi) ^ Xj Vj = 1, . . . , 2/i: — 1. This proves the Proposition. D 
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3. Proof of Theorem [T] 

Let {M,Lo) be a closed symplectic manifold. We fix a Darboux chart B (R) = B C M 
where B'^^ {R) is the open ball of radius R in M?^ . For an integer k > 1 and a positive 
number (5 > we choose a smooth function p : [0, R?] — t- M satisfying the following 

"" > p\r) > , 



2k 



We set 





- i^R , 


^'l[fiJ^i.^]='^>0- 




i/ : B'^^{R) -^ R 





(18) 



N 



Z IH> 



P\T.N 



(19) 



V!y=l 



Af' 



We denote by t/)^ : B"^^ {R) -^ B"^^ (R) the induced Hamiltonian flow. We recall that the 
Hamiltonian flow of z i— >• \z\'^ is given by z i— > exp(2it)2: thus 



i^'ni^)). 



exp 



N 



^' E^ 



^v=i 



iV' 



2itiy 



(20) 



We point out that 0^ preserves the quantities \zu\, i^ = 1, ■ ■ ■ ,N. 
Lemma 4. T/ie fixed points of (j)'j^ are precisely z = and the circle 

C := Uzi,...,zn) e B^'^iR) \ |z7vp = ^R^ and zi = . . . = zn^i = o| 
Moreover, (pH o-cts on C by rotation of the last coordinate by an angle of ^ . 
Proof. Assume 4)fi{z) = z which is equivalent to 

,o\ 2iti' 



(21) 



exp 
thus, either z^, = or 



TV 



'' E 



\u=l 



N' 



N 



• N, 






From p'{r) < ^ we conclude that zi 



N 



'' E 



^1^=1 



iV' 



zj\f^i = 0. Moreover, z^r = or 

\=p'{\^n\') 



vr 
2k 



(22) 



(23) 



(24) 



holds. In summary, either z = or z € C. This together with ()20p proves the Lemma. D 
We now perturb H. For this we fix a smooth cut-off function /3 : [0, R'^] — )> [0, 1] satisfying 

B\ -n (^^) 
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and set 

F{z) := fi{\zN\') ■ Re (A) ■ ^''^(^) ^ ^ (26) 

where Re is the real part. If we introduce new coordinates (zi, . . . ,Zfyf-i,r,'d), where z^v = 
rexp(it?), the function F equals 

Fiz) = f3{r^) cos (M) . (27) 

We point out that the Hamiltonian diffeomorphism (/)h ° (j^eF maps B {R) into itself. 
Lemma 5. There exists cq > such that for all < e < eQ 

#^2fc(^^o0,^) = l. (28) 

Proof. We set 

D := Uzi, . . . , ZN-i,r, ^) e C \ ^ = ^-^, j = 0, . . . ,2k - l\ (29) 

where C is defined in Lemma HI The same lemma implies that (pn acts on D as a cyclic 
permutation sending ^ to ^"^-^p-- Moreover, we have 

(peFZ = Z (30) 

for z (z D since D C CritF. In particular, D corresponds precisely to a single element in 
'^ {(f'H ° (pep)- It remains to show that there are no other 2A;-cycles. We prove something 
stronger, namely that for sufficiently small e > the only other fixed point of [cpH o (j)f:p) is 
z = 0. 

For < a < 6 we set 

A{a,b) ■.= {{zi,...,ZN_i,r,{}) eB^^{R) \r£ [aR^,bR^]} . (31) 

We observe that on A{-^,-^) we have /3 = 1 and thus the flow of eF is given by 

{zi,...,ZN-i,r,i!}) ^ (zi, . . . , ZN-i,r - teksm{M),'d) . (32) 

In particular, if we set 

R , , 

then for < e < e we conclude that 

(</'HO0,^)''(^(|,|))c^(l,|), (34) 

since (l)\j preserves the r coordinate. Fix w € ^(|, |) with ((/>// o c/)^^) (^w) = w and set for 
j = 0, . . . , 2fc 

Z^=P,,,((0HO</>eF)'(«^)) , I^ = l,...,iV-l 

H:=P,((0i^o0,^)^(w;)) (35) 

^^■:=P^ ((</>// o0,f)'(^)) 

where Pz^, Pr, and P^ are the projections on the respective coordinates. It follows from 
equation (|32]) that 

PzJ{4>HO<P,Fy{w))=Pz^{4>^{w)) u = l,...,N-l. (36) 
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By the same argument as in the proof of Lemma [J] we conclude 

4 = Vz^= l,...,iV-l and Vj = 0, ...,2/c . (37) 

Next, it fohows from the flow equations (j20p and (j32p 



'(?j+i — '&j < Y mod 27r . 


(38) 


frj+i = ^R"^. Using again {(t>HO<t>eF) (w) = 


= w we deduce 


'32k -^0 = mod 27r 


(39) 


= n = ...=r2k = ^R^ . 


(40) 



and therefore 

In summary 

w = {0,...,0,lR^i3o) (41) 

with i^o £ f ^; i-6- w (z D. Thus, we proved that the only 2A;-cycle of (pn ° <PeF in the region 
^(g , |) is the one corresponding to the set D. Therefore it remains to prove that after possibly 

shrinking e there are no other fixed points of (^ipH ° (t'ep) outside ^(|, |) expect for z = 0. 
We argue by contradiction. 

We assume that there exists a sequence e^ ^^ and a sequence (z™)meN of points in 
i?2iV(i2)\A(|,|)with 

{(t>H o (P,^Ff\z'^) = z"" VmGN. (42) 

By Theorem of Arzela-Ascoli we may assume that z™ ^- z* € B (R) \ intj4(g, |) with 

cpfiz*) = z* . (43) 

It follows from Lemma S] that z* = and thus for M sufficiently large 

^m ^ B'^^i^R) V?n > M . (44) 

Then by definition of /3 the restriction of 4>e,nF to the ball B'^^{^R) equals the identity. 
Moreover, since (pH fixes all balls centered at zero we have 

z'" = (<^^o0,„^^)2'=(z-) = 0f(^™) ym>M. (45) 

Applying again LemmaH]we conclude that z"* = for all m > M. This proves the Lemma. D 

Remark 6. Proposition [3] together with Lemma [5] implies that for all < e < eo the Hamil- 
tonian diffeomorphism (pu o (p^p : B {R) -^ B {R) has no square root. 

We are now in the position to prove Theorem [TJ 

Proof of TheoremUi We choose A: G Z, 5 > and < e < eo (cp. Lemma ED so that the 
Hamiltonian diffeomorphism 

^hocP,f:B^''{R)^B'^''{R) (46) 

has precisely one 2A;-cycle. By construction <pH ° (peF equals a rotation with constant angular 
speed 2tt6 near the boundary of B'^^[R). We extend the Hamiltonian function of (pu ocp^p to 
-ff : S^ X Af — 7> M which we can choose to be autonomous outside the Darboux ball B. If we 
choose 5 > sufficiently small we can guarantee that outside B the only periodic orbits of H 
of period less or equal than 2k are critical points of H, see |HZ941 page 185]. In particular, (pr, 
has still precisely one 2fc-cycle. Finally, by choosing k sufficiently large and 5 and e possibly 
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even smaller the C°°-noriii of <^/f o (p^p and thus the C°°-norni of </>^ can be made arbitrarily 
small. Thus, with Proposition [3] the Theorem follows. D 
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